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thoroughly, and since Kontsevich's integral was invented after this work and now is presented in literature without quasi-Hopf algebra theory, here we present a direct proof that these invariants are the same for the case when g is Lie algebra of series B γy C γy D r and p is the fundamental representation. The case of series A was treated in our previous work [13] . From the coincidence of the two invariants we can derive some unexpected relations between values of Zagier's multiple zeta functions.
In Section 2 we recall definition of Kontsevich's integral for knots and links, and then give a generalization for framed links. Kontsevich's integral for framed links is technically more convenient for our purpose. In Section 3 we prove the main theorem about coincidence of the two invariants. In the last section we derive some relations between values of multiple zeta functions. In Appendix we give a description of Drinfeld's associator and compute its coefficients. Let the vector space d be the quotient d = span(® )/span(4-term relations).
(k)
The 4-term relation is described in Figure 1 [3] it is proved that this action is well-defined. Simi-
Tangles
We will consider R as the product of R and C with a fixed orientation. A point of R has coordinates (ί, z), let z = x + iy. A plane parallel to C is called horizontal.
A tangle T is a 1-dimensional compact oriented piece-wise smooth submanifold of R lying between two horizontal planes, called the top plane and the bottom plane of this tangle, such that all the boundary points of T is lying in the top plane or in the bottom plane and there are only a finite number of points at which the tangent vector is parallel to a horizontal plane. There may be some interior points of T lying in the top or bottom planes. This definition is a little more general than, for example, that of [21, 18] . 
(T) in an obvious way, just combining the two diagrams.
Consider n straight lines parallel to R and going through (0, i), i = 1,. . ., n. Let T γ (resp. T 2 , T) be the tangle which is the intersection of these line with the set 0 < t < 1 (resp. 1 < t < 2, 0 < t < 2). Then T = 7\ x T 2 . But there is an obvious homeomorphism T ~ 7\ ~ Γ 2 , by shrinking. Let S w = d{T). Then 58 W is an algebra. The unit is the chord diagram without any chord. In fact this is the holonomy along the corresponding curve in the configuration space with a flat connection (see [3] ).
Kontsevich's integral
EXAMPLE 2.1. Consider three tangles T +y T_, T in Figure 5 , the first two have end points (0,0), (0,1), (1,0), (1, 1) , in the third the distance between two top end points is l t , the distance between two bottom end points is l b . Then General tangle: Now suppose T is a tangle. Using horizontal planes going through maximal and minimal points of T and some other planes lying between them we can decompose T into the product of several tangles of type 2, 
LEMMA 2.4 (Lemma about regularization of Kontsevich's integral). If T is a tangle of type 3 containing a minimal point then there exist
Z f (T) = lim Z(T ε ) exp -^-7 log
which belongs to s4(T). If T contains a maximal point then there exists
This lemma is proved in [14] . We will write u ω for exp(ω log u).
EXAMPLE 2.5. Suppose 7\, T 2 are two tangles in Figure 9 , the distance between two end points in both tangles is /. Then
L+ L_ L FIGURE 10. Changing frame
Now suppose L is a framed link. We represent Las a framed link diagram on the plane (t, x) with blackboard framing (see for example [10] ). We suppose that all points of L belongs to the plane (ί, x) except for a neighborhood of double points. After a deformation at extremal points we can decompose / into several tangles of the type 3,
It is easy to see that Z f (L) does not depend on the decomposition. We call it the framed Kontsevich's integral of L. Let φ be the framed Kontsevich's integral of the framed link diagram U in Figure 7 . Let s { be defined as in Theorem 2.
Here in the right hand side we use the action of d on d . 
here exp(β/2) and exp(-θ/2) belong to d and the right hand sides of these equalities should be understood as the action on the Wilson loop concerned. . This is proved in exactly the same way as in the case of invariant of "unframed knots" using the integral Z f instead of Z.
3) The invariant Z f contains every framed knot invariant of finite type. This and commute with the action of g on V(D 0Ut ) and V^An) (see [3] The proof is trivial and follows from the explicit form of t.
The following graphical representation of t allows us to compute quickly
where D is a chord diagram and DUO is the union of D and a circle which is far away. 
Kauffman's polynomial
LEMMA 3.5. Let η = N / - Γ~Γ\ 1 \ exph -exp(-h) [Pexp(hp(t)/2) -Pexp(-hp(t)/2)T b c d = (exp h -exp(-A)) [id -δ ac δ bd /η].
This lemma is proved by explicitly calculating matrices exp(hp(h)), exp(~ hp(t)). Recall that P is the permutation acting on V®V.
The operator δ δ bd can be represented graphically as X. We have seen that
W(Z f ) is an isotopy invariant of framed links, but W^Z/O)) =£ 1. We will use another normalization. Let fc(L) = N~1W(φ)W(Z f (D), in this case /c(O) = 1. If
L is a framed link diagram with 5 maximal points then from Proposition 3.1 
κ(L + ) = σκ(L), ιc(L_) = σ ι ιc(L). Hence σ x(L) /c(L) where w(L) is the writhe number of the framed link L is an ambient isotopy invariant of oriented links.
This proposition follows from Theorem 2.6 and Proposition 3.1.
Let fc(L) = Σ^iCjh 1 . Then from the construction of the integral it follows that each K t is an invariant of framed links of degree i and its z-th derivative is computed by the weight system W. On the other hand the coefficients of Kauffman's polynomials are also invariant of finite type with the same derivatives (see [15] ). We will prove that these two invariants are the same.
THEOREM 3.7. fc(L) does not depend on the orientation of L and if L + , L_, L o ,
Loo ewe four framed link diagrams coincident outside some disk and looking as in Figure 13 in this disk then For all chord diagrams with less than k chords of Z f (7\(/)) or Z f (T 3 (D) , the coefficients tends to infinity when / tends to infinity, but at most as fast as (log/) . This also follows easily from the integral formula. Using limlogQ + 1 //) (log IΫ = 0 we see that ^°°Z
Hence K (L) is the Kauffman polynomial.
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Let T be the part of the diagram in Figure 14 . 
Consider the case when the part °U in Figure 14 is trivial (just two parallel lines), taking into account the number of maxima (see (3.5)) and using Proposition 3. 
Some computations and corollaries
We compute explicitly the series W(φ) and deduce some unexpected relations between the so called values of multiple zeta functions. 
Elements 7, φ
Recall that γ = Z(U) is in d 0 while φ = Z f (U) is in d.Letf :d~^d be the mapping which takes a chord diagram with k chords into (-1) Θ . Recall that
there is a comultiplication Δ defined on d (see [3, 12] for details). Put
where D is a chord diagram and m is the usual multiplication in d. It follows that φ is an algebra homomorphism, whose kernel is the ideal generated by Θ hence it also defines a homomorphism from
identity, and φ :d~+d is equal to φ. The operator φ was also introduced in [3, 16] . PROPOSITION 
We have φ = φ(γ).
The proof is presented in Appendix.
Consider the algebra 38 3 introduced in §1. This proposition is proved in Appendix (see also [13] ).
Relations between values of multiple zeta functions
It is easy to check that
and W r be the weight system corresponding to r. Then W r (Θ) = 0 and hence W r is a weight system on d 0 .
PROPOSITION 4.3. For every chord diagram D ^ d Q we have W r (D) =
W(ψ(D)).
This follows immediately from the definition of ψ and r. As a corollary of this and Proposition 4.1 we get
We use a normalization of multiple zeta function by putting ζ ( 
W r (D(I)) = (-2) m Ng(I).
This is proved by induction on the number of chords, using the graphical representation of t. We recall here the definition and some properties of iterated integral (see [5, 8] For example ζ(l, 2) = ζ(3), ζ(l,3) = ζ(4). We see that the function τ is more "symmetric" and we will use this function instead of ζ.
A.2. Drinfeld's associator
We can not present here Drinfeld's theory of quasi-Hopf algebras (see [6, 7] ).
We only mention that the category of representations of a quasi-triangular quasi-Hopf algebra is a quasi-tensorial category, from which one can construct invariants of framed links (see [18, 19, 1] ). In a quasitriangular quasi-Hopf algeb- Proof. We prove (A.ll), the second identity can be proved in a similar manner, even more easily. Using horizontal deformation we can deform U into a dia- Let φ 13 : M ι~^M3 be the map φ 13 
(H(A, B)) = H(A -a,B-β) where H(A, B)
is is also a solution to (A. 14) with the same asymptotic. Hence This formula is also given in [14] .
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